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Figure 4.2 Species richness and species density are not the same 
thing. The so/id fine is the sample-based rarefaction curve for the 
same data setas in Fig 4.1, showing the expected species richness of 
rainforest tree seedlings for 1, 2. . . , m*, .. 121 soil samples, 
ea eh covering a soil surface area of 17.35 cm2 anda depth of 
1 O cm. Species richness (y-axis) is plotted as a funct1on of the total 
soi! surface area sampled (x-axis). Beca use species density is the ratio 

of richness (v-coordinare) to area (x-coordinate) for any point in the 
graph, the s!opes of lines A, B, and C quantify species density for 
500, 1000, and 2000 cm 2 , respectively. Clearly, species density 
es ti mates depend on the particular amount of area sampled. All of 
the species dens1ty slopes over-estimate species number when 
extrapolated to larger areas, and species density estimates based on 
differing areas are not comparable. 

depends critically not jusi on area, but on the spe
cific arnount of area sampled. For this reason, it 
never works to 'standardize' the species richness 
of samples from two or more assemblages by sim
ply dividing observed richness by area sampled (or 
by any other measure of effort, including number 
of individuals or number of samples). Estimating 
species density by calculating the ratio of species 
richness to area sampled will always grossly over
estimate species density when this index is extrap
olated to larger areas, and the size of that bias will 
depend on the area sampled. 

Sometimes, however, ecologists or conservation 
biologists are interested in species density, for sorne 
particular amount of area, in its own right. For 
example, if only one of two areas, equal in size and 
cost per hectare, can be purchased to establish a 
reserve, species density at the scale of the reserve is 
clearly a variable of interest. Beca use species density 
is so sensitive to area (and, ultimately, to the num
ber of individuals observed or collected), it is useful 
to decompose it into the product of two quanti
ties: species richness (number of species represented 
by sorne particular number, N, of individuals) and 
total individual density (number of individuals N, 
disregarding species, in sorne particular amount of 
area A): 

( species) ~ ( species ) x (Nindividuals) 
are a A N wdtvtd"""ls are a A 
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(James & Wamer 1982). This decomposition demon
strates that the number of species per sampling unit 
reflects both the underlying species richness and 
the total number of individuals sampled. If two 
samples differ in species density, is it because of 
differences in underlying species richness, differ
ences in abundan ce, or sorne combination of both? 
In other words, how do we meaningfully com
pare !he species richness of collections that prob
ably differ in both the number of individuals and 
the number of samples collected? Until recently, 
many ecologists have not recognized this prob
lem. The distinction between species density and 
species richness has no! always been appreciated, 
and many papers have compared species density 
using standard parametric statistics, but without 
accounting for differences in abundance or sam
pling effort. 

One statistical solution is to treat abundance, 
number of samples, or sample area as a covariate 
that can be entered into a multiple regression analy
sis or an analysis of covariance. If the original data 
(counts and identities of individuals) are not avail
able, tlus may be the best that we can do. For exam
ple, Dunn et al. (2009) assembled a global database 
of ant species richness from a number of published 
studies. To control for sampling effects, they used 
the area, number of samples, and total number of 
individuals from each sample location as statisti
cal covariates in regression analyses. However, they 

did not rnake the mistake of trying to 'standard
ize' the richness of different samples by dividing 
the species counts by the area, the number of indi
viduals sampled, or any other measure of effort. 
As we have repeatedly emphasized, this rescaling 
produces serious distortions: extrapolations from 
small sample ratios of species density inevitably 
lead to gross over-estimates of the number of 
species expected in larger sample areas (Fig. 4.2 and 
Figure 4-6 in Gotelli & Colwell2001). 

4.2.5 lndividual-based rarefaction 

The species accumulation curve itself suggests an 
intuitive way to compare the richness of tvvo sam
ples (for the same kind of organisrn) that differ in 
the number of individuals collected. Suppose one 

samples has N individuals and S species, 
and the other has n individuals and s species. The 

differ in the number of individuals present 
> n) and will usually differ in the number of 

present (typically S > s). In the procedure 
rarefaction, we randomly draw n' individuals, 

without replacement from the larger 
the two original samples, where n' ~ n, the size 
the srnaller original sample. (This re-sampling, 

replacement, of individuals from within 
sample does not violate the assurnption that the 

of taking the sarnple itself did not change 
relative abcmdance of species). Computing the 

number of species, s', among repeated sub
of n' individuals estimates E(s''"in'), the 
number of species in a random subsam

of ,,-· individuals from the larger original sam-
(Fig. 4.1, lower x-axis). The variance of (s'), 

random re-orderings of individuals, can also 
this way along with a parametric 95% 

or the confidence interval can 
es1turrarea from the bootstrapped values (Manly 

simple test can now be conducted to ask 
s, the observed species richness of the com

smaller sample, falls within the 95% confi
interval of s', the expected species richness 
on random subsamples of size n frorn the 
sample (Simberloff 1978). If the observed 

falls within the confidence interval, then the 
that the richness of the smaller sample, 
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based on all n individuals, does not differ from the 
richness of a subsample of size n' from the larger 
sample cannot be rejected at P ::: 0.05. If this null 
hypothesis is not rejected, and the original, umar
efied samples differed in species density, then this 
difference in species density mus! be driven bv 
differing numbers of individuals between the tw~ 
samples. Alternatively, if s is not contained within 
the confidence interval of s'", the two samples differ 
in species richness in ways that cannot be accounted 
for en tire! y by differences in abundance and/ or 
sa;ppling effort (at P ::: 0.05). . 

Rarefaction can be used not only to calculate á 
point estima te of but also to construct an en tire 
rarefaction curve in which the number of individuals 
randomly subsampled ranges from 1 to N. Rarefac
tion can be thought of as a rnethod of interpolating 
E(s'ln') the expected number of species, given n' 
individuals (1 ::: n' ::: N), between the point [1, 1] 
and the point [S, N] (Colwell et al. 2004). With pro
gressively smaller subsamples from N- 1 to 1, the 
resulting individual-based rarefaction curve, in a sense, 
is the reverse of the corresponding species accumu
lation curve, which progressively builds larger and 
larger samples. 

Because this individual-based rarefaction curve 
is conditional on one particular sample, the vari
ance in s*, among random re-orderings of indi
viduals, is O at both extremes of the curve: with 
the minimum of only one individual there will 
always be only one species represented, and with 
the maximum of N individuals, there will always be 
exactly S species represented. Hurlbert (1971) and 
Heck et al. (1975) give analytical solutions for the 
expectation and the conditional variance of s', which 
are derived from the hypergeornetric distribution. 
In contras!, treating the sarnple (one handful of 
jellybeans) as representative of a larger assemblage 
(the jar of jellybeans) requires an estimate of the 
unconditional variance (the variance in s'' In* among 
replicate handfuls of jellybeans from the sarne jar). 
The unconditional variance in richness, S, for the 
full sample of N individuals, mus! be greater than 
zero to account for the heterogeneity that would 
be expected with additional random samples of 
the same size taken from the entire assemblage. 
Although Smith & Grassle (1977) derived an esti~ 
mator for the unconditional variance of E(s*ln*), 
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it is compulationally complex and has been little 

used. R.K. Colwell and C.X. Mao (in preparation) 

have recently derived an unconditional variance 
estimator for individual-based rarefaction thal is 

analogous to the unconditional variance estimator 

for sample-based rarefaction described in Colwell 

et al. (2004), and discussed below. 

Regardless of how lhe variance is estimated, the 

statistical significance of the difference in rarefied 

species richness between two samples will depend, 

in part, on n, the number of individuals being com

pared. This sample-size dependence arises beca use 

al! rarefaction curves based on individuals con

verge at lhe point [1,1]. Therefore, no matter how 

different two assemblages are, rarefaction curves 

based on samples of individuals drawn at ran

dom will nol appear to differ statistically if n is 

too smalL In sorne cases, rarefaction curves may 
cross al higher values of n, making the results of 

statistical tests even more dependen! on n (e.g. 

Raup 1975). 

To compare multiple samples, each can be rar

efied clown to a common abundance, which will 

typically be the total abundance for the smallest of 

the samples. At that point, the set of s'· values, one 

for each sample, can be used as a response variable 

in any kind of statistical analysis, such as ANOVA 

or regression. This method assumes that the rarefac

tion curves do not cross (which may be assessed 

visually), so that their rank arder remains the same 

regardless of the abundance leve] used. Alterna

tively, multiple samples from the same assemblage 

can be used in a sample-based rarefnction, which we 

describe below. 

Rarefactíon has a long history in ecology and evo
lution (Sanders 1968; Hurlbert 1971; Raup 1975; Tip

per 1979; jarvinen 1982; Chiarucci et al. 2008).The 

method was proposed in the 1960s and 1970s to 

compare species number when samples differed 

in abundance (Tipper 1979), but the same statísti

cal problem had been solved many decades ear

lier by biogeographers who wanted to estímate 

species/ genus ratios and other taxonomic diversity 
índices (Jarvinen 1982). · 

Brewer & Williamson (1994) and Colwell & Cod

dington (1994) pointed out that a very clase approx
imation for the rarefactioo curve is the Coleman 

'passive sampling' curve, 

S 

E (s') = L [1- (1-n" /N)"'], (4.1) 
1=1 

in whlcl1 i indexes species from 1 toS, and n¡ is the 

abundance of species i in the full sample. As a null 

model for the species-area relationship (see Chap

ter 20), the Coleman curve assumes that islands of 

different area randomly intercept individuals and 

accumulate different numbers of species (Coleman 

el al. 1982). The individual-based rarefaction curve 

is very closely analogous to the Coleman curve 

(and, although mathematically distinct, differs only 

slightly from it) because relative island area is a 

proxy for the proportion n' 1 N of individuals sub
sampled from the pooled distribution of al! individ

uals in the original sample (Gotelli 2008). 

4.2.6 Sample-based rarefaction 

Individual-based rarefaction computes the 

expected number of species, s·", in a subsample 

of n' individuals drawn at random from a single 

representative sample from an assemblage. In 

contras!, sample-based rarefaction computes the 

expected number of species s'· when m' samples 
(1 :<: m' :<: M) are drawn al random (without 

replacement) from a set of samples that are, 

collectively, representative of an assemblage 

(Fig. 4.1, upper x-axis) (Gotelli & Colwell 2001; 

Colwell el al. 2004). (This re-sampling, without 

replacement, of samples frorn within the sample 

set does not vio late the assumption that the process 

of taking the sample itself did not change the 

relative abundance of species.) The fundamental 

difference is that sample-based rarefaction, by 

design, preserves the spatíal structure of the 

data, which may reflect processes such as spatial 

aggregation or segregation (see Chapter 12) 

both within and between species. In contras\, 

individual-based rarefaction does not preserve the 

spatial structure of the data and assumes complete 

random mixing among individuals of all species. 

Thus, for sample-based rarefaction, E (s'lm"") is the 

expected number of species for m' pooled samples 

that express the same patterns of aggregation, 

association, or segregation as the observed set of 

samples. For this reason, sample-based rarefaction 

is a more realistic treatment of the independent 

sampling units used in most biodiversity studies. 

Because sample-based rarefaction requires only 

incidence data, it can also be used for clona! 

organ.isms or for species in which individuals 

in a sample cannot be easily distinguished or 

counted. 

Operationally, sample-based rarefaction can be 

carried out by repeatedly selecting and pooling 

m' samples at random from the set of samples, 

and computing the mean and conditional ( on the 

particular set of samples) variance and 95% confi

dence interval for s'. On the other hand, E (s'lm') 
is more easily and accurately computed from com

binatoria! equations based on the distribution of 

caunts, the number of species found in exactly 1, 
2, ... , m·• sarnples in the set (Ugland et al. 2003; 

Colwell et al. 2004; see Chiarucci el al. 2008 for 

a history of this approach). Colwell el al. 2004 

also introduced a sample-based version of the 

Coleman rarefaction model, the results of which 

dosel y approximate the true sample-based rarefac

tion curve. 
Ugland et al. (2003) provide an expression for 

the conditional variance in richness estimates from 

sample-based rarefaction. Colwell et al. (2004) 

derived an unconditional variance estimator for 

sample-based rarefaction that treats the observed 

set of samples, in turn, as a sample from sorne 

larger assemblage, so that the variance in S for 

all M samples, pooled (the full set of samples), 

takes sorne non-zero value. This unconditional vari
(and its associated confidence interval (CI)) 

accounts for the variability expected among repli

cate sets of samples. Based on unconditional vari

ances for twu sample-based rarefaction curves, rich
ness can be compared for any common number of 

samples (or individuals, as explained below). Using 

eigenvalue decomposition, Mao & Li (2009) devel

oped a computationally complex method for com

' paring two sample-based rarefaction curves in their 

A much simpler, but approximate, method 

is- to assess, for a desired val u e of m*, whether or 
not the two (appropriately computed) confidence 

lntervals overlap. If the two Cis (calculated from the 

unconditional variance) are approximately equal, 

for a type I error rate of P < 0.05, the appropriate 

CI is about 84% (Payton et al. 2003; the z value 

for 84% CI is 0.994 standard deviations). Basing the 
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test on the overlap of traditional 95% Cls is overly 

conservative: richness values that would differ sig

nificantly with the 84% interval would often be 

declared statistically indistinguishable because the 

95% intervals for the same pair of samples would 

overlap (Payton et al. 2003). 

An importan! pitfall to avoid in using sample

based rarefaction to compare richness between 

sample sets is that the method does not directly con

trol for differences in overall abundance between 

sets of samples. Suppose two sets of samples are 

tecorded from the same assemblage, but they dif

fer in mean number of individuals per sample 

(systematically or by chance). When plotted as a 

functíon of number of samples (on the x-axis) the 

sample-based rarefaction curve for the sample set 

with a higher mean abundance per sample willlie 

above the curve for the sample set with lower mean 

abundance because more individuals reveal more 

species. The solution suggested by Gotelli & Col

well (2001) is lo first calculate sample-based rarefac

tion curves and their variances (or Cls) for each set 

of samples in the analysis. Next, the curves are re

plotted against an x-axis of individual abundance, 

rather than number of samples. This re-plotting 

effectively shifts the points of each individual-based 

rarefaction curve to the left or the right, depending 

on the average number of individuals thal were 

collected in each sample. Ellison el al. (2007) used 

this method to compare the efficacy of ant sam

pling methods that differed greatly in the average 

number of individuals per sample (e.g. 2 ants per 

pitfall trap, versus > 89 ants per plot for standard

ized hand sampling). Note that if sample-based rar

efaction is based on species occurrences rather than 
abundances, then the rescaled x-axis is the number 

of species occurrences, not the number of individu

als. 

4.2. 7 Assumptions of rarefaction 

To use rarefaction to compare species richness of 

two (or more) samples or assemblages rigorously, 

the following assumptions should be met: 

l. Sufficient sampling. As with any other statis

tical procedure, the power to detect a dif

ference, if there is one, depends on having 












